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Introduction‌ ‌ 
SwiftShader‌ ‌is‌‌a‌‌conformant‌‌implementation‌‌of‌‌the‌‌‌Vulkan‌‌graphics‌‌API‌‌which‌‌runs‌‌entirely‌‌on‌                           
the‌ ‌CPU.‌ ‌We’ve‌ ‌‌identified‌ ‌transcendental‌ ‌functions,‌ ‌and‌ ‌in‌ ‌particular‌ ‌the‌ ‌exponential‌ ‌‌and‌‌                       
logarithm,‌ ‌to‌ ‌require‌ ‌optimization.‌ ‌ 

Objective‌ ‌ 
Vulkan‌ ‌‌specifies‌ ‌that‌ ‌the‌ ‌single-precision‌ ‌(32-bit)‌ ‌result‌ ‌of‌ ‌the‌ ‌‌exp(x)‌‌and‌ ‌‌exp2(x)‌‌shader‌‌                         
operations‌ ‌must‌ ‌have‌ ‌an‌ ‌accuracy‌ ‌of‌ ‌ ‌‌ULP‌ ‌(note‌ ‌that‌ ‌Vulkan‌ ‌uses‌ ‌precision‌ ‌and‌‌             ×   3 + 2 x| |                
accuracy‌‌ ‌interchangeably).‌ ‌‌log(x)‌‌ ‌and‌ ‌‌log2(x)‌‌ ‌have‌ ‌similar‌ ‌tolerances.‌ ‌ 

The‌ ‌new‌ ‌implementations‌ ‌will‌ ‌also‌ ‌have‌ ‌to‌ ‌be‌ ‌vectorizable‌ ‌to‌ ‌take‌ ‌advantage‌ ‌of‌ ‌‌wide‌ ‌SIMD‌.‌ ‌ 

ULP:‌ ‌Discontinuous‌ ‌Relative‌ ‌Error‌ ‌Measure‌ ‌ 
Before‌ ‌we‌ ‌dive‌‌into‌‌any‌‌implementation‌‌details,‌‌we‌‌need‌‌to‌‌fully‌‌understand‌‌the‌‌requirements.‌‌                           
Vulkan‌ ‌defines‌ ‌the‌ ‌error‌ ‌tolerance‌ ‌for‌ ‌‌exp2‌‌and‌ ‌‌log2‌‌in‌ ‌terms‌ ‌of‌ ‌ULP,‌ ‌or‌ ‌‌Units‌ ‌in‌ ‌the‌ ‌Last‌‌                                   
Place‌.‌ ‌1‌ ‌ULP‌ ‌is‌ ‌essentially‌ ‌the‌‌smallest‌‌representable‌‌difference‌‌in‌‌floating-point‌‌values.‌‌Note‌‌                         
that‌ ‌this‌ ‌is‌ ‌relative‌ ‌to‌ ‌the‌ ‌value‌ ‌we’re‌ ‌comparing‌ ‌against.‌ ‌Hence‌ ‌it‌ ‌is‌ ‌not‌ ‌a‌ ‌constant,‌ ‌but‌ ‌a‌‌                                   
function.‌‌It‌‌is‌‌convenient‌‌for‌‌a‌‌specification‌‌to‌‌drop‌‌the‌‌function‌‌parameter‌‌and‌‌just‌‌imply‌‌it.‌‌That‌‌                                 
said,‌ ‌I’ll‌ ‌use‌ ‌ULP‌ ‌when‌ ‌talking‌ ‌about‌ ‌the‌ ‌error‌ ‌at‌‌a‌‌given‌‌point‌‌or‌‌the‌‌maximum‌‌error‌‌over‌‌an‌‌                                     
interval,‌‌and‌‌use‌‌ ‌to‌‌denote‌‌the‌‌function.‌‌The‌‌image‌‌below,‌‌produced‌‌using‌‌the‌‌excellent‌‌      lp(x)u                        
Desmos‌ ‌graphing‌ ‌calculator‌,‌ ‌illustrates‌ ‌  ‌for‌ ‌a‌ ‌single-precision‌ ‌(32-bit)‌ ‌value:‌ ‌lp(x)u  

https://www.vulkan.org/
https://issuetracker.google.com/169754022
https://www.khronos.org/registry/vulkan/specs/1.2/html/vkspec.html#spirvenv-precision-operation
https://en.wikipedia.org/wiki/Unit_in_the_last_place
https://en.wikipedia.org/wiki/Accuracy_and_precision
https://docs.google.com/document/d/1GGJxTkz3rPRNWkrLOFuT-8HtH-wFJ_or24f6CjBDKMs/edit#bookmark=id.e50jhgbl2jpa
https://en.wikipedia.org/wiki/Unit_in_the_last_place
https://en.wikipedia.org/wiki/Unit_in_the_last_place
https://www.desmos.com/calculator


‌ 

It‌‌is‌‌discontinuous‌‌due‌‌to‌‌the‌‌last‌‌manissa‌‌bit‌‌having‌‌a‌‌2×‌‌difference‌‌in‌‌numerical‌‌value‌‌between‌‌                                 
every‌ ‌consecutive‌ ‌exponent‌ ‌value.‌ ‌Note‌ ‌that‌ ‌it‌ ‌is‌ ‌a‌ ‌fractal;‌ ‌zooming‌ ‌closer‌‌to‌‌0‌‌gives‌‌us‌‌ever‌‌                                 
smaller‌ ‌line‌ ‌segments‌ ‌2×‌‌shorter‌‌but‌‌also‌‌2×‌‌lower‌‌in‌‌y-axis‌‌value.‌‌That‌‌said,‌‌we‌‌can‌‌observe‌‌                                 
that‌ ‌ ‌is‌ ‌roughly‌ ‌linear‌ ‌in‌ ‌ .‌ ‌Therefore‌ ‌by‌ ‌first‌ ‌approximation‌ ‌it‌ ‌can‌ ‌be‌ ‌considered‌ ‌a‌‌  lp(x)u           x                    
measure‌ ‌of‌ ‌the‌ ‌relative‌ ‌error.‌ ‌ 

Since‌‌the‌‌ULP‌‌is‌‌relative‌‌to‌‌the‌‌‌result‌‌of‌‌a‌‌function,‌‌we‌‌have‌‌to‌‌use‌‌that‌‌function‌‌as‌‌the‌‌input‌‌to‌‌                                         
the‌ ‌  ‌function.‌ ‌For‌ ‌example‌ ‌for‌ ‌  ‌we‌ ‌get‌ ‌ :‌‌lp(x)u xp (x)e 2 lp(exp (x))u 2  

‌ 

Note‌‌how‌‌for‌‌ ‌in‌‌ ,‌‌1‌‌ULP‌‌is‌‌a‌‌constant‌‌ .‌‌In‌‌other‌‌words,‌‌an‌‌absolute‌‌error!‌‌However,‌‌      x     0, 1)[                2 −23                
Vulkan‌‌tolerates‌‌an‌‌error‌‌of‌‌ ,‌‌and‌‌when‌‌we‌‌take‌‌that‌‌into‌‌account‌‌we‌‌get‌‌our‌‌final‌‌error‌‌           ×   3 + 2 x| |                          
bounds:‌ ‌ 



‌ 

Globally‌ ‌this‌ ‌still‌ ‌curves‌ ‌like‌ ‌ ,‌ ‌but‌ ‌locally‌ ‌these‌ ‌are‌ ‌sloped‌ ‌linear‌ ‌segments.‌ ‌2x  

Finally,‌‌note‌‌that‌‌ULP‌‌is‌‌also‌‌a‌‌function‌‌of‌‌the‌‌precision‌‌of‌‌the‌‌floating-point‌‌format‌‌we’re‌‌using‌‌                                 
(or‌‌comparing‌‌it‌‌against).‌‌A‌‌single-precision‌‌‌float‌‌has‌‌23‌‌mantissa‌‌bits,‌‌while‌‌a‌‌64-bit‌‌‌double‌‌                             
has‌ ‌53‌ ‌mantissa‌ ‌bits.‌ ‌Then‌ ‌there’s‌ ‌also‌ ‌16-bit‌ ‌half-precision,‌ ‌which‌ ‌typically‌ ‌has‌ ‌10‌‌mantissa‌‌                           
bits.‌‌Note‌‌that‌‌one‌‌can‌‌store‌‌a‌‌half-precision‌‌value‌‌in‌‌a‌‌32-bit‌‌float,‌‌or‌‌evaluate‌‌the‌‌ULP‌‌error‌‌of‌‌                                     
a‌‌32-bit‌‌value‌‌more‌‌precisely‌‌by‌‌comparing‌‌it‌‌against‌‌a‌‌value‌‌computed‌‌in‌‌64-bit.‌‌Where‌‌useful,‌‌                               
I’ll‌ ‌discern‌ ‌between‌ ‌these‌ ‌precisions‌ ‌as‌ ‌ULP-32‌ ‌and‌ ‌ULP-16.‌ ‌ 

Exp2‌ ‌Range‌ ‌Reduction‌ ‌ 
The‌‌mathematical‌‌identity‌‌ ‌lends‌‌itself‌‌for‌‌computing‌‌the‌‌ ‌of‌‌      xp (x ) xp (x ) xp (x )  e b 1 + x2 = e b 1 · e b 2             xpe 2    
the‌ ‌integer‌ ‌and‌ ‌the‌ ‌fractional‌ ‌part‌ ‌of‌ ‌the‌ ‌argument‌ ‌separately.‌ ‌That‌ ‌is,‌‌                       

,‌‌where‌‌ ‌and‌‌ .‌‌The‌‌ ‌of‌‌the‌‌integer‌‌ ‌is‌‌xp (x ) xp (x ) xp (x )  e 2 i + xf = e 2 i · e b f     loor(x)xi = f      xf = x − xi     xpe 2         xi    
trivial‌‌to‌‌compute:‌‌just‌‌put‌‌it‌‌in‌‌the‌‌exponent‌‌field‌‌of‌‌the‌‌binary‌‌representation‌‌of‌‌a‌‌floating-point‌‌                                 
value‌ ‌(adjusted‌ ‌for‌ ‌the‌ ‌bias),‌ ‌with‌ ‌mantissa‌ ‌0.‌ ‌ 

The‌ ‌IEEE‌ ‌754‌ ‌binary‌ ‌representation‌ ‌of‌ ‌a‌ ‌single-precision‌ ‌floating-point‌ ‌number‌ ‌consists‌ ‌of‌ ‌a‌‌                         
sign‌ ‌bit,‌ ‌an‌ ‌8-bit‌ ‌exponent‌ ‌field,‌ ‌and‌ ‌a‌ ‌23-bit‌ ‌mantissa‌ ‌field:‌ ‌ 

‌ 

(By‌ ‌Vectorization:‌ ‌Stannered‌ ‌-‌ ‌Own‌ ‌work‌ ‌based‌ ‌on:‌ ‌Float‌ ‌example.PNG,‌ ‌CC‌ ‌BY-SA‌ ‌3.0,‌ ‌‌https://commons.wikimedia.org/w/index.php?curid=3357169‌)‌ ‌ 

So‌ ‌the‌ ‌C++‌ ‌code‌ ‌to‌ ‌compute‌ ‌the‌ ‌exponential‌ ‌of‌ ‌the‌ ‌integer‌ ‌part‌ ‌becomes:‌ ‌ 

i‌ ‌=‌ ‌(int)floor(x);‌‌ 
exp2i‌ ‌=‌ ‌bit_cast<float>((i‌ ‌+‌ ‌127)‌ ‌<<‌ ‌23);‌‌ 

https://commons.wikimedia.org/w/index.php?curid=3357169


Computing‌ ‌the‌ ‌ ‌of‌ ‌the‌ ‌fractional‌ ‌part‌ ‌of‌ ‌the‌ ‌argument‌ ‌means‌ ‌we‌ ‌only‌ ‌have‌ ‌to‌ ‌deal‌ ‌with‌‌    xpe 2                              
values‌‌in‌‌the‌‌ ‌interval.‌‌In‌‌other‌‌words,‌‌we‌‌need‌‌to‌‌find‌‌an‌‌approximation‌‌for‌‌the‌‌segment‌‌      0, 1)[                              
shown‌ ‌below,‌ ‌and‌ ‌make‌ ‌sure‌ ‌the‌ ‌error‌ ‌stays‌ ‌below‌ ‌the‌ ‌corresponding‌ ‌segment‌ ‌in‌ ‌the‌ ‌graph‌‌                             
above.‌ ‌ 

‌ 

We‌‌could‌‌resort‌‌to‌‌using‌‌a‌‌polynomial‌‌which‌‌satisfies‌‌several‌‌arbitrarily‌‌chosen‌‌conditions,‌‌like‌‌                           
I’ve‌ ‌done‌ ‌for‌ ‌the‌ ‌implementation‌ ‌of‌ ‌‌sine‌ ‌and‌ ‌cosine‌.‌ ‌Unfortunately,‌ ‌for‌ ‌simple‌ ‌conditions‌ ‌like‌                           
matching‌ ‌ ‌at‌‌equidistant‌‌points,‌‌such‌‌an‌‌algebraic‌‌solution‌‌requires‌‌a‌‌fairly‌‌high‌‌degree‌‌  xp (x)e 2                          
for‌ ‌the‌ ‌polynomial‌ ‌to‌ ‌have‌ ‌an‌ ‌error‌ ‌of‌ ‌only‌ ‌a‌ ‌few‌ ‌ULP.‌ ‌ 

Instead‌ ‌we’re‌ ‌better‌ ‌off‌ ‌using‌ ‌an‌ ‌algorithmic‌ ‌solution‌ ‌for‌ ‌the‌ ‌polynomial‌ ‌which‌ ‌best‌ ‌fits‌ ‌this‌‌                             
curve.‌ ‌The‌ ‌‌Remez‌ ‌algorithm‌ ‌computes‌ ‌such‌ ‌a‌ ‌“minimax”‌ ‌polynomial.‌ ‌We’ll‌ ‌be‌ ‌using‌ ‌the‌‌                         
LolRemez‌‌‌program.‌‌It’s‌‌a‌‌great‌‌open-source‌‌implementation‌‌of‌‌the‌‌Remez‌‌algorithm‌‌with‌‌useful‌‌                         
features‌ ‌and‌ ‌a‌ ‌simple‌ ‌command-line‌ ‌interface.‌ ‌ 

We‌ ‌need‌ ‌a‌ ‌5th‌ ‌degree‌ ‌polynomial‌ ‌to‌ ‌satisfy‌ ‌Vulkan’s‌ ‌accuracy‌ ‌requirement:‌ ‌ 

$‌ ‌./lolremez‌ ‌--float‌ ‌-d‌ ‌5‌ ‌-r‌ ‌"0:1"‌ ‌"2^x"‌‌ 
//‌ ‌Approximation‌ ‌of‌ ‌f(x)‌ ‌=‌ ‌2^x‌‌ 
//‌ ‌on‌ ‌interval‌ ‌[‌ ‌0,‌ ‌1‌ ‌]‌‌ 
//‌ ‌with‌ ‌a‌ ‌polynomial‌ ‌of‌ ‌degree‌ ‌5.‌‌ 
//‌ ‌p(x)=((((1.8964611e-3*x+8.942829e-3)*x+5.5866246e-2)*x+‌‌ 

https://github.com/google/swiftshader/blob/master/docs/Sin-Cos-Optimization.pdf
https://en.wikipedia.org/wiki/Remez_algorithm
http://lolremez/


//‌        ‌2.4013971e-1)*x+6.9315475e-1)*x+9.9999989e-1‌‌ 
float‌ ‌f(float‌ ‌x)‌‌ 
{‌‌ 
    ‌float‌ ‌u‌ ‌=‌ ‌1.8964611e-3f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌8.942829e-3f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌5.5866246e-2f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌2.4013971e-1f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌6.9315475e-1f;‌‌ 
    ‌return‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌9.9999989e-1f;‌‌ 
}‌‌ 

‌ 
Plotting‌ ‌the‌ ‌error,‌ ‌we‌ ‌get:‌ ‌ 

‌ 

At‌ ‌first‌ ‌look,‌ ‌it‌ ‌may‌ ‌appear‌ ‌the‌ ‌maximum‌ ‌error‌ ‌is‌ ‌just‌ ‌1.0‌ ‌ULP!‌ ‌ 

In‌‌reality,‌‌it’s‌‌actually‌‌2.56‌‌ULP‌‌when‌‌using‌‌‌binary32‌‌floating-point‌‌arithmetic.‌‌This‌‌is‌‌caused‌‌by‌‌                             
rounding‌ ‌errors‌ ‌introduced‌ ‌in‌ ‌the‌ ‌polynomial’s‌ ‌multiplications,‌ ‌and‌ ‌‌loss‌ ‌of‌ ‌significance‌ ‌in‌ ‌the‌‌                         
additions.‌‌When‌‌we‌‌look‌‌at‌‌the‌‌error‌‌‌relative‌‌to‌‌Vulkan’s‌‌tolerance,‌‌which‌‌I’ll‌‌call‌‌the‌‌‘margin’,‌ ‌it‌‌                                 
peaks‌‌at‌‌0.855.‌‌Quite‌‌a‌‌bit‌‌worse‌‌than‌‌what‌‌we’d‌‌expect‌‌from‌‌looking‌‌at‌‌the‌‌above‌‌pretty‌‌graph,‌‌                                   
but‌ ‌still,‌ ‌any‌ ‌worst‌ ‌case‌ ‌margin‌ ‌value‌ ‌below‌ ‌1.0‌ ‌is‌ ‌within‌ ‌Vulkan’s‌ ‌requirements.‌ ‌Further‌‌                           
improvements‌ ‌on‌ ‌this‌ ‌are‌ ‌just‌ ‌a‌ ‌bonus.‌ ‌ 

https://en.wikipedia.org/wiki/Single-precision_floating-point_format#IEEE_754_single-precision_binary_floating-point_format:_binary32
https://en.wikipedia.org/wiki/Loss_of_significance


Integer‌ ‌Exactness‌ ‌ 
One‌ ‌issue‌ ‌with‌ ‌the‌ ‌above‌‌solution‌‌is‌‌that‌‌ ‌does‌‌not‌‌equal‌‌1.0‌‌as‌‌expected.‌‌Nor‌‌do‌‌any‌‌                xp (0)e 2                    
other‌ ‌integer‌ ‌input‌ ‌values‌ ‌result‌ ‌in‌‌exact‌‌powers‌‌of‌‌2.‌‌While‌‌Vulkan‌‌doesn’t‌‌spell‌‌this‌‌out‌‌as‌‌a‌‌                                   
requirement,‌ ‌applications‌ ‌expect‌ ‌it,‌ ‌and‌ ‌it‌ ‌appears‌ ‌to‌ ‌be‌ ‌standard‌ ‌across‌ ‌GPU‌ ‌implementations.‌ ‌ 

The‌‌problem‌‌with‌‌the‌‌current‌‌polynomial‌‌is‌‌that‌‌the‌‌constant‌‌coefficient‌‌added‌‌at‌‌the‌‌end‌‌is‌‌not‌‌                                 
1.0‌ ‌but‌ ‌slightly‌ ‌less.‌ ‌We’d‌ ‌really‌ ‌like‌ ‌a‌ ‌polynomial‌ ‌of‌ ‌the‌ ‌form‌ ‌ ,‌ ‌where‌ ‌ ‌is‌ ‌a‌‌                        (x)  f · x + 1     (x)f      
different‌ ‌Remez-optimized‌ ‌polynomial.‌ ‌Since‌ ‌we‌ ‌want‌ ‌  ‌to‌ ‌approximate‌ ‌ ,‌ ‌we‌ ‌get:‌‌ ‌(x)  f · x + 1 2x   

‌(x)  f · x + 1 ≈ 2x  

‌(x) 2 )   x  f ≈ ( x − 1 /  

In‌ ‌other‌ ‌words,‌ ‌we‌ ‌ask‌ ‌the‌ ‌Remez‌ ‌algorithm‌ ‌to‌ ‌approximate‌ ‌ ‌in‌ ‌the‌‌interval‌‌ .‌‌                    2 )   x  ( x − 1 /         0, ][ 1  
Since‌‌we’re‌‌already‌‌multiplying‌‌ ‌by‌‌ ,‌‌let’s‌‌see‌‌if‌‌we‌‌can‌‌have‌‌our‌‌cake‌‌and‌‌eat‌‌it‌‌by‌‌trying‌‌        (x)f     x                            
to‌ ‌make‌ ‌the‌ ‌new‌ ‌  ‌a‌ ‌4th‌ ‌degree‌ ‌polynomial:‌ ‌(x)f  

$‌ ‌./lolremez‌ ‌--float‌ ‌-d‌ ‌4‌ ‌-r‌ ‌"0:1"‌ ‌"(2^x‌ ‌-‌ ‌1)‌ ‌/‌ ‌x"‌‌ 
//‌ ‌Approximation‌ ‌of‌ ‌f(x)‌ ‌=‌ ‌(2^x‌ ‌-‌ ‌1)‌ ‌/‌ ‌x‌‌ 
//‌ ‌on‌ ‌interval‌ ‌[‌ ‌0,‌ ‌1‌ ‌]‌‌ 
//‌ ‌with‌ ‌a‌ ‌polynomial‌ ‌of‌ ‌degree‌ ‌4.‌‌ 
//‌ ‌p(x)=(((1.7909619e-3*x+9.1942073e-3)*x+5.5660287e-2)*x+‌‌ 
//‌       ‌2.4020655e-1)*x+6.9314759e-1‌‌ 
float‌ ‌f(float‌ ‌x)‌‌ 
{‌‌ 
    ‌float‌ ‌u‌ ‌=‌ ‌1.7909619e-3f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌9.1942073e-3f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌5.5660287e-2f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌2.4020655e-1f;‌‌ 
    ‌return‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌6.9314759e-1f;‌‌ 
}‌‌ 

Note‌‌that‌‌the‌‌formula‌‌this‌‌‌f(x)‌‌approximates‌‌is‌‌undefined‌‌for‌‌ ,‌‌but‌‌‌LolRemez‌‌‌still‌‌arrives‌‌                    x = 0          
at‌ ‌a‌ ‌solution.‌ ‌Plotting‌ ‌the‌ ‌resulting‌ ‌error:‌ 



‌ 

Looks‌ ‌good‌ ‌enough,‌ ‌right?‌ ‌Unfortunately,‌ ‌no,‌ ‌the‌ ‌margin‌ ‌is‌ ‌exceeded‌ ‌by‌ ‌1.56.‌ ‌ 

Interestingly‌‌this‌‌happens‌‌for‌‌a‌‌very‌‌small‌‌negative‌‌value‌‌of‌‌ .‌‌Despite‌‌our‌‌algorithm‌‌now‌‌giving‌‌                    x            
the‌‌exact‌‌result‌‌for‌‌ ,‌‌for‌‌small‌‌negative‌‌ ‌values‌‌we’re‌‌computing‌‌ .‌‌In‌‌        x = 0         x         xp (− ) xp (x )  e 2 1 · e 2 + 1    
other‌ ‌words‌ ‌our‌ ‌polynomial‌ ‌gets‌ ‌evaluated‌ ‌for‌ ‌a‌ ‌value‌ ‌near‌ ‌1,‌ ‌where‌‌its‌‌error‌‌is‌‌the‌‌greatest.‌‌                                 
Meanwhile,‌ ‌left‌ ‌of‌ ‌ ‌the‌‌error‌‌tolerance‌‌is‌‌much‌‌narrower.‌‌It’s‌‌~3‌‌ULP,‌‌but‌‌half‌‌as‌‌much‌‌in‌‌      x = 0                              
absolute‌ ‌value‌ ‌compared‌ ‌to‌ ‌the‌ ‌ULP‌ ‌for‌ ‌small‌ ‌positive‌‌x‌‌values.‌ ‌While‌‌ so‌‌the‌‌                        xp (−  e 2 1) .5= 0      
error‌‌is‌‌also‌‌reduced‌‌by‌‌a‌‌factor‌‌of‌‌2,‌‌it‌‌essentially‌‌means‌‌we‌‌need‌‌to‌‌keep‌‌things‌‌below‌‌3‌‌ULP‌‌                                       
across‌ ‌the‌ ‌interval‌ ‌of‌ ‌the‌ ‌polynomial;‌ ‌Vulkan’s‌ ‌extra‌ ‌tolerance‌ ‌of‌ ‌an‌ ‌additional‌ ‌ ‌ULP‌‌                         ×   2 x| |    
doesn’t‌ ‌really‌ ‌help‌ ‌us‌ ‌here.‌ ‌ 

We‌ ‌could‌ ‌try‌ ‌making‌ ‌the‌ ‌error‌ ‌near‌ ‌  ‌smaller,‌ ‌or‌ ‌address‌ ‌the‌ ‌asymmetry‌ ‌issue.‌ ‌Or‌ ‌both?‌ ‌x = 1  

Watch‌ ‌your‌ ‌Weight‌ ‌ 
While‌ ‌the‌ ‌basic‌ ‌Remez‌ ‌algorithm‌ ‌always‌ ‌optimizes‌ ‌the‌ ‌polynomial‌ ‌to‌ ‌have‌ ‌the‌ ‌minimum‌‌                         
maximum‌‌absolute‌‌error,‌‌i.e.‌‌a‌‌constant‌‌across‌‌the‌‌interval‌‌it‌‌is‌‌optimizing‌‌for,‌‌it’s‌‌relatively‌‌easy‌‌                               
to‌ ‌“shape”‌ ‌the‌ ‌error‌ ‌envelope‌ ‌by‌ ‌using‌ ‌a‌ ‌‌weight‌ ‌function‌.‌ ‌ 

Note‌ ‌that‌ ‌the‌LolRemez‌ ‌‌program‌ ‌considers‌ ‌the‌ ‌weight‌ ‌function‌ ‌to‌ ‌define‌ ‌the‌ ‌allowed‌ ‌relative‌‌                           
tolerance.‌‌A‌‌‌larger‌‌weight‌‌in‌‌a‌‌certain‌‌region‌‌means‌‌the‌‌polynomial‌‌will‌‌be‌‌‌less‌‌accurate‌‌there.‌‌                               
Others‌ ‌consider‌ ‌the‌ ‌weight‌ ‌function‌ ‌to‌ ‌define‌ ‌the‌ ‌inverse‌ ‌of‌ ‌that,‌ ‌which‌ ‌might‌ ‌sound‌ ‌more‌‌                             
natural‌ ‌as‌ ‌a‌‌“weight”,‌‌but‌‌is‌‌less‌‌intuitive‌‌when‌‌trying‌‌to‌‌match‌‌a‌‌given‌‌tolerance‌‌function.‌‌Just‌‌                                 
think‌ ‌of‌ ‌‌LolRemez‌’s‌‌ ‌‌weight‌ ‌function‌ ‌as‌ ‌“tolerance”‌ ‌and‌ ‌it‌ ‌becomes‌ ‌both‌ ‌intuitive‌ ‌and‌ ‌practical.‌ ‌ 

https://github.com/samhocevar/lolremez/wiki/Tutorial-2-of-5%3A-switching-to-relative-error
https://arxiv.org/pdf/0803.0439.pdf


So‌‌what‌‌weight‌‌function‌‌should‌‌we‌‌use‌‌for‌‌our‌‌‌exp2()‌‌approximation?‌‌As‌‌noted‌‌earlier,‌‌ ‌                            lp(x)u  
is‌‌actually‌‌constant‌‌across‌‌the‌‌ ‌interval.‌‌And‌‌the‌‌error‌‌graph‌‌for‌‌the‌‌5th‌‌degree‌‌polynomial‌‌          0, )[ 1                      
approximation‌ ‌of‌ ‌ ‌clearly‌ ‌stays‌ ‌within‌ ‌a‌ ‌band‌ ‌of‌ ‌~1.0‌ ‌ULP.‌ ‌But‌ ‌when‌ ‌we‌ ‌started‌ ‌using‌‌    2x                            

‌instead,‌‌the‌‌error‌‌near‌‌ ‌became‌‌0‌‌but‌‌then‌‌appears‌‌to‌‌get‌‌larger‌‌with‌‌increasing‌‌(x)  f · x + 1           x = 0                      
x.‌ ‌That’s‌ ‌no‌ ‌coincidence.‌ ‌With‌ ‌ ‌optimized‌ ‌for‌ ‌a‌ ‌constant‌ ‌error,‌ ‌the‌ ‌multiplication‌ ‌by‌ ‌ ‌          (x)f                   x  
“squeezes”‌‌the‌‌error‌‌to‌‌become‌‌zero‌‌at‌‌ ‌and‌‌then‌‌linearly‌‌grows.‌‌To‌‌undo‌‌that,‌‌we‌‌need‌‌to‌‌              x = 0                      
use‌ ‌  ‌as‌ ‌the‌ ‌weight‌ ‌function.‌ ‌x  1/  

The‌ ‌result‌ ‌looks‌ ‌like‌ ‌this:‌ ‌ 

$‌ ‌./lolremez‌ ‌--float‌ ‌-d‌ ‌4‌ ‌-r‌ ‌"0:1"‌ ‌"(2^x-1)/x"‌ ‌"1/x"‌‌ 
//‌ ‌Approximation‌ ‌of‌ ‌f(x)‌ ‌=‌ ‌(2^x-1)/x‌‌ 
//‌ ‌with‌ ‌weight‌ ‌function‌ ‌g(x)‌ ‌=‌ ‌1/x‌‌ 
//‌ ‌on‌ ‌interval‌ ‌[‌ ‌0,‌ ‌1‌ ‌]‌‌ 
//‌ ‌with‌ ‌a‌ ‌polynomial‌ ‌of‌ ‌degree‌ ‌4.‌‌ 
//‌ ‌p(x)=(((1.8852974e-3*x+8.9733787e-3)*x+5.5835927e-2)*x+‌‌ 
//‌       ‌2.4015281e-1)*x+6.9315247e-1‌‌ 
float‌ ‌f(float‌ ‌x)‌‌ 
{‌‌ 
    ‌float‌ ‌u‌ ‌=‌ ‌1.8852974e-3f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌8.9733787e-3f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌5.5835927e-2f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌2.4015281e-1f;‌‌ 
    ‌return‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌6.9315247e-1f;‌‌ 
}‌‌ 



‌ 

Magnificent!‌‌In‌‌practice‌‌the‌‌single-precision‌‌results‌‌are‌‌also‌‌good:‌‌2.66‌‌ULP‌‌and‌‌a‌‌margin‌‌value‌‌                             
of‌ ‌0.85.‌ ‌ 

Enjoy‌ ‌that‌ ‌extract-at-integers‌ ‌cake‌ ‌(but‌ ‌keep‌ ‌watching‌ ‌your‌ ‌weight)!‌ ‌ 

Symmetrical‌ ‌Range‌ ‌Reduction‌ ‌ 
While‌ ‌we‌ ‌can‌ ‌tweak‌ ‌the‌ ‌weight‌ ‌function‌ ‌a‌ ‌bit‌ ‌to‌ ‌achieve‌ ‌slightly‌ ‌better‌ ‌results,‌ ‌recall‌ ‌that‌‌the‌‌                                 
asymmetry‌‌between‌‌small‌‌negative‌‌values‌‌of‌‌x‌‌and‌‌small‌‌positive‌‌values‌‌forced‌‌us‌‌to‌‌practically‌‌                             
ignore‌‌the‌‌ ‌part‌‌of‌‌Vulkan’s‌‌tolerance.‌‌Also‌‌the‌‌numerical‌‌losses‌‌are‌‌greater‌‌near‌‌x=1‌‌so‌‌     ×   2 x| |                            
counter‌ ‌to‌‌Vulkan’s‌‌formula‌‌things‌‌only‌‌improve‌‌when‌‌making‌‌the‌‌weight‌‌function‌‌smaller‌‌near‌‌                           
that‌ ‌end.‌ ‌Can‌ ‌we‌ ‌avoid‌ ‌having‌ ‌small‌ ‌negative‌ ‌values‌ ‌of‌ ‌ ‌“wrap‌ ‌around”‌ ‌to‌ ‌evaluate‌ ‌the‌‌                    x            
polynomial‌ ‌near‌ ‌1?‌ ‌ 

Fortunately,‌‌yes.‌‌The‌‌mathematical‌‌identity‌‌ ‌allows‌‌ ‌to‌‌be‌‌split‌‌          xp (x ) xp (x ) xp (x )  e 2 1 + x2 = e 2 1 · e 2 2     x        
into‌ ‌‌any‌ ‌sum‌ ‌of‌‌values‌‌that‌‌add‌‌up‌‌to‌‌ .‌‌The‌‌pair‌‌of‌‌ ‌and‌‌ ‌was‌‌an‌‌obvious‌‌                  x         loor(x)f     loor(x)  x − f        



first‌‌choice,‌‌but‌‌it‌‌results‌‌in‌‌skewing‌‌the‌‌second‌‌term‌‌to‌‌be‌‌in‌‌the‌‌ ‌interval.‌‌We‌‌can‌‌instead‌‌                            0, )[ 1          
use‌ ‌  ‌and‌ ‌ ,‌ ‌which‌ ‌gives‌ ‌us‌ ‌a‌ ‌ interval‌ ‌for‌ ‌the‌ ‌latter.‌ ‌ound(x)r ound(x)  x − r − .5, .5]  [ 0 0  

Aside‌‌from‌‌replacing‌‌‌floor(x)‌‌with‌‌‌round(x)‌,‌‌we‌‌just‌‌have‌‌to‌‌update‌‌our‌‌polynomial‌‌with‌‌the‌‌                             
result‌ ‌‌LolRemez‌ ‌‌produces‌ ‌when‌ ‌shifting‌ ‌the‌ ‌interval‌ ‌to‌ ‌ :‌ ‌− .5, .5]  [ 0 0  

$‌ ‌./lolremez‌ ‌--float‌ ‌-d‌ ‌4‌ ‌-r‌ ‌"-0.5:0.5"‌ ‌"(2^x-1)/x"‌ ‌"1/x"‌‌ 
//‌ ‌Approximation‌ ‌of‌ ‌f(x)‌ ‌=‌ ‌(2^x-1)/x‌‌ 
//‌ ‌with‌ ‌weight‌ ‌function‌ ‌g(x)‌ ‌=‌ ‌1/x‌‌ 
//‌ ‌on‌ ‌interval‌ ‌[‌ ‌-0.5,‌ ‌0.5‌ ‌]‌‌ 
//‌ ‌with‌ ‌a‌ ‌polynomial‌ ‌of‌ ‌degree‌ ‌4.‌‌ 
//‌ ‌p(x)=(((1.3407259e-3*x+9.6718751e-3)*x+5.5503084e-2)*x+‌‌ 
//‌       ‌2.4022235e-1)*x+6.9314721e-1‌‌ 
float‌ ‌f(float‌ ‌x)‌‌ 
{‌‌ 
    ‌float‌ ‌u‌ ‌=‌ ‌1.3407259e-3f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌9.6718751e-3f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌5.5503084e-2f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌2.4022235e-1f;‌‌ 
    ‌return‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌6.9314721e-1f;‌‌ 
}‌‌ 

‌ 

This‌ ‌produces‌ ‌an‌‌effective‌‌ULP‌‌error‌‌of‌‌2.80,‌‌which‌‌is‌‌slightly‌‌worse‌‌than‌‌our‌‌previous‌‌best‌‌of‌‌                                 
2.66‌ ‌ULP.‌ ‌However,‌ ‌the‌ ‌‘margin’‌ ‌measure‌ ‌improved‌ ‌from‌ ‌0.85‌ ‌to‌ ‌0.73.‌ ‌ 

But‌‌that’s‌‌far‌‌from‌‌the‌‌best‌‌achievable‌‌result.‌‌The‌‌weight‌‌function‌‌for‌‌the‌‌above‌‌polynomial‌‌was‌                               
still‌ ‌ ,‌ ‌or‌‌just‌‌a‌‌constant‌‌1‌‌when‌‌taking‌‌the‌‌subsequent‌‌multiplication‌‌by‌‌ ‌into‌‌account.‌‌We‌‌  x  1/                         x        



could‌ ‌use‌ ‌e.g‌ ‌ ‌as‌ ‌the‌ ‌numerator‌ ‌instead,‌ ‌to‌ ‌practically‌‌      0.25 rf (1000 ) .75) 3 )  ( · e · x + 0 · ( + 2 · x| |              
match‌ ‌the‌ ‌shape‌ ‌of‌ ‌Vulkan’s‌ ‌tolerance‌ ‌function.‌ ‌This‌ ‌gives‌ ‌us‌ ‌2.29‌ ‌ULP‌ ‌and‌ ‌a‌ ‌0.59‌ ‌margin.‌ ‌ 

While‌‌that‌‌weight‌‌function‌‌should‌‌theoretically‌‌produce‌‌the‌‌best‌‌result,‌‌practice‌‌disagrees‌‌once‌‌                         
again.‌ ‌With‌ ‌a‌‌bit‌‌of‌‌trial‌‌and‌‌error,‌‌I‌‌found‌‌that‌‌a‌‌weight‌‌function‌‌of‌‌ ‌produces‌‌an‌‌                              3 .5 )   x  ( + 3 · x /      
even‌ ‌better‌ ‌result:‌ ‌1.88‌ ‌ULP,‌ ‌and‌ ‌0.54‌ ‌margin.‌ ‌ 

Watch‌ ‌your‌ ‌Extremities‌ ‌ 
There’s‌ ‌a‌ ‌subtle‌ ‌problem‌ ‌with‌ ‌computing‌ ‌ ‌as‌ ‌.‌ ‌For‌‌            xp (x)e 2     xp (round(x)) xp (x ound(x))  e 2 · e 2 − r      
example‌ ‌for‌ ‌ ,‌ ‌the‌ ‌first‌ ‌term‌ ‌would‌ ‌overflow‌ ‌to‌ ‌infinity,‌ ‌and‌ ‌while‌ ‌the‌ ‌second‌ ‌term‌‌    27.7x = 1                          
evaluates‌ ‌to‌ ‌0.648,‌ ‌the‌ ‌end‌ ‌result‌ ‌is‌ ‌still‌ ‌infinity.‌ ‌Meanwhile‌ ‌ ‌can‌ ‌be‌‌                    xp (127) xp (0.7)  e 2 · e 2      
computed‌ ‌as‌ ‌a‌ ‌normal‌ ‌‌binary32‌‌ ‌value‌ ‌just‌ ‌fine.‌ 

Many‌ ‌applications‌ ‌won’t‌ ‌care‌ ‌about‌ ‌this,‌ ‌but‌ ‌some‌ ‌do.‌ ‌The‌ ‌Vulkan‌ ‌conformance‌ ‌test‌ ‌suite‌‌                           
checks‌‌the‌‌result‌‌for‌‌these‌‌kinds‌‌of‌‌input‌‌values.‌‌Note‌‌also‌‌that‌‌ ‌is‌‌typically‌‌computed‌‌as‌‌                        xp(x)e          

,‌‌and‌‌ ‌as‌‌ ,‌‌which‌‌creates‌‌several‌‌more‌‌opportunities‌‌for‌‌xp (1 ln(2) )  e 2 / · x     ow(x, )p y     xp (y og (x))  e 2 · l 2              
overflow‌ ‌or‌ ‌underflow‌ ‌when‌ ‌the‌ ‌result‌ ‌should‌ ‌still‌ ‌be‌ ‌representable.‌ ‌ 

Note‌‌that‌‌we‌‌could‌‌compute‌‌the‌‌equivalent‌‌ ‌at‌‌no‌‌extra‌‌              xp (round(x) ) 2 xp (x ound(x)))  e 2 − 1 · ( · e 2 − r        
cost‌‌and‌‌no‌‌loss‌‌of‌‌accuracy,‌‌and‌‌it‌‌avoids‌‌intermediate‌‌overflow,‌‌but‌‌it‌‌suffers‌‌from‌‌underflow.‌‌                               
Note‌ ‌that‌ ‌Vulkan‌ ‌does‌ ‌not‌ ‌require‌ ‌support‌ ‌for‌ ‌‌subnormal‌ ‌floating-point‌ ‌numbers,‌ ‌while‌ ‌many‌‌                         
CPUs‌‌do‌‌support‌‌them,‌‌so‌‌this‌‌can‌‌help‌‌avoid‌‌prematurely‌‌returning‌‌0.0‌‌for‌‌large‌‌negative‌‌input‌‌                               
values.‌ ‌Unfortunately‌ ‌computations‌ ‌involving‌ ‌subnormal‌ ‌numbers‌ ‌can‌ ‌incur‌ ‌a‌ ‌performance‌‌                   
penalty,‌ ‌and‌ ‌so‌ ‌it’s‌ ‌desirable‌ ‌to‌ ‌enable‌ ‌the‌ ‌CPU’s‌ ‌‌flush-to-zero‌‌ ‌mode.‌ ‌ 

Alas,‌ ‌this‌‌means‌‌the‌‌round()-based‌‌implementation‌‌of‌‌exp2()‌‌is‌‌not‌‌really‌‌suitable‌‌for‌‌a‌‌Vulkan‌‌                             
implementation‌ ‌on‌ ‌the‌ ‌CPU,‌ ‌despite‌ ‌its‌ ‌attractive‌ ‌properties.‌ ‌ 

In‌ ‌any‌ ‌case,‌ ‌we‌ ‌need‌ ‌to‌ ‌clamp‌ ‌the‌ ‌range‌ ‌of‌ ‌the‌ ‌input‌‌argument‌‌to‌‌ensure‌‌we‌‌overflow‌‌to‌‌the‌‌                                     
proper‌ ‌‌representation‌‌ ‌of‌ ‌infinity‌ ‌(and‌ ‌not‌ ‌‌NaN‌),‌ ‌and‌ ‌underflow‌ ‌to‌ ‌0‌ ‌(and‌ ‌not‌ ‌a‌ ‌negative‌ ‌number).‌ ‌ 

Note‌ ‌that‌ ‌a‌ ‌GPU-based‌ ‌implementation‌ ‌typically‌ ‌obtains‌ ‌polynomial‌ ‌coefficients‌ ‌from‌ ‌a‌ ‌table,‌‌                       
and‌‌thus‌‌optimizes‌‌them‌‌for‌‌different‌‌intervals.‌‌We‌‌could‌‌do‌‌something‌‌similar‌‌on‌‌the‌‌CPU,‌‌but‌‌                               
clearly‌ ‌it‌ ‌would‌ ‌be‌ ‌much‌ ‌more‌‌costly‌‌than‌‌simply‌‌improving‌‌precision‌‌through‌‌a‌‌higher‌‌degree‌‌                             
polynomial.‌ ‌ 

Relaxing‌ ‌with‌ ‌a‌ ‌Halfling‌ ‌ 
While‌ ‌we’ve‌‌reached‌‌the‌‌limits‌‌of‌‌improving‌‌accuracy‌‌without‌‌adding‌‌more‌‌computational‌‌cost,‌‌                         
we‌ ‌can‌ ‌reduce‌ ‌the‌ ‌cost‌ ‌by‌ ‌sacrificing‌ ‌accuracy.‌ ‌Fortunately‌ ‌Vulkan‌‌and‌‌SPIR-V‌‌have‌‌just‌‌the‌‌                             
thing‌ ‌to‌ ‌allow‌ ‌for‌ ‌that:‌ ‌‌Relaxed‌ ‌Precision‌.‌ ‌‌GLSL‌ ‌4.6‌ ‌supports‌ ‌expressing‌ ‌relaxed‌ ‌precision‌‌                         
requirements‌‌through‌‌the‌‌‌mediump‌‌qualifier.‌‌It‌‌essentially‌‌reduces‌‌the‌‌accuracy‌‌requirement‌‌to‌‌                       
that‌ ‌of‌ ‌the‌ ‌half-precision‌ ‌‌binary16‌ ‌format,‌ ‌while‌ ‌still‌ ‌producing‌ ‌32-bit‌ ‌results.‌ ‌Specifically‌ ‌for‌‌                         

https://en.wikipedia.org/wiki/Subnormal_number
https://en.wikipedia.org/wiki/Subnormal_number#Disabling_subnormal_floats_at_the_code_level
https://en.wikipedia.org/wiki/IEEE_754#Binary
https://en.wikipedia.org/wiki/NaN
https://www.khronos.org/registry/SPIR-V/specs/unified1/SPIRV.html#_relaxed_precision
https://www.khronos.org/registry/OpenGL/specs/gl/GLSLangSpec.4.60.pdf
https://en.wikipedia.org/wiki/Half-precision_floating-point_format#IEEE_754_half-precision_binary_floating-point_format:_binary16


‌the‌ ‌tolerance‌ ‌becomes‌ ‌ULP.‌ ‌Note‌ ‌this‌ ‌is‌ ‌in‌ ‌ULP-16,‌‌which‌‌is‌‌much‌‌coarser‌‌xp (x)e 2       1  × |x|    + 2                      
than‌ ‌a‌ ‌ULP-32.‌ ‌ 

Hitting‌ ‌this‌ ‌accuracy‌ ‌requirement‌ ‌is‌ ‌easily‌ ‌feasible‌ ‌with‌ ‌a‌ ‌3rd‌ ‌degree‌ ‌polynomial‌‌(2nd‌‌degree‌‌                           
when‌ ‌factoring‌ ‌out‌ ‌x‌ ‌to‌ ‌still‌ ‌get‌ ‌exact‌ ‌results‌ ‌at‌ ‌integer‌ ‌values):‌ ‌ 

$‌ ‌./lolremez‌ ‌--float‌ ‌-d‌ ‌2‌ ‌-r‌ ‌"0:1"‌ ‌"(2^x-1)/x"‌ ‌"1/x"‌‌ 
//‌ ‌Approximation‌ ‌of‌ ‌f(x)‌ ‌=‌ ‌(2^x-1)/x‌‌ 
//‌ ‌with‌ ‌weight‌ ‌function‌ ‌g(x)‌ ‌=‌ ‌1/x‌‌ 
//‌ ‌on‌ ‌interval‌ ‌[‌ ‌0,‌ ‌1‌ ‌]‌‌ 
//‌ ‌with‌ ‌a‌ ‌polynomial‌ ‌of‌ ‌degree‌ ‌2.‌‌ 
//‌ ‌p(x)=(7.8145574e-2*x+2.2617357e-1)*x+6.9555686e-1‌‌ 
float‌ ‌f(float‌ ‌x)‌‌ 
{‌‌ 
    ‌float‌ ‌u‌ ‌=‌ ‌7.8145574e-2f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌2.2617357e-1f;‌‌ 
    ‌return‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌6.9555686e-1f;‌‌ 
}‌‌ 

‌ 

This‌‌achieves‌‌0.13‌‌ULP,‌‌and‌‌could‌‌be‌‌tuned‌‌a‌‌bit‌‌to‌‌trade‌‌ULP‌‌for‌‌an‌‌improved‌‌‘margin’‌‌result,‌‌                                   
but‌ ‌I‌‌kind‌‌of‌‌like‌‌the‌‌universality‌‌of‌‌ULP‌‌versus‌‌Vulkan’s‌‌seemingly‌‌arbitrarily‌‌sloping‌‌tolerance‌‌                             
function.‌ ‌ 

So‌ ‌we‌ ‌save‌ ‌two‌ ‌multiplies‌ ‌and‌ ‌two‌ ‌additions,‌ ‌or‌‌two‌‌‌fused‌‌multiply-add‌‌(FMA)‌‌operations.‌‌It’s‌‌                             
significant,‌ ‌but‌ ‌we’re‌ ‌still‌ ‌left‌ ‌with‌ ‌requiring‌ ‌quite‌ ‌a‌ ‌lot‌ ‌of‌ ‌other‌ ‌instructions:‌ ‌ 

https://en.wikipedia.org/wiki/Multiply%E2%80%93accumulate_operation#Fused_multiply%E2%80%93add


float‌ ‌exp2_relaxed(float‌ ‌x)‌‌ 
{‌‌ 
    ‌x‌ ‌=‌ ‌min(x,‌ ‌128.0f);‌‌ 
    ‌x‌ ‌=‌ ‌max(x,‌ ‌bit_cast<float>(0xC2FDFFFF));‌  ‌//‌ ‌-126.999992‌‌ 
‌ 

    ‌float‌ ‌x0‌ ‌=‌ ‌floor(x);‌‌ 
    ‌int‌ ‌i‌ ‌=‌ ‌(int)x0;‌‌ 
    ‌float‌ ‌f‌ ‌=‌ ‌x‌ ‌-‌ ‌x0;‌‌ 
‌ 

    ‌//‌ ‌Add‌ ‌single-precision‌ ‌bias,‌ ‌and‌ ‌shift‌ ‌into‌ ‌exponent.‌‌ 
    ‌float‌ ‌exp2i‌ ‌=‌ ‌bit_cast<float>((i‌ ‌+‌ ‌127)‌ ‌<<‌ ‌23);‌‌ 
‌ 

    ‌const‌ ‌float‌ ‌a‌ ‌=‌ ‌7.8145574e-2f;‌‌ 
    ‌const‌ ‌float‌ ‌b‌ ‌=‌ ‌2.2617357e-1f;‌‌ 
    ‌const‌ ‌float‌ ‌c‌ ‌=‌ ‌6.9555686e-1f;‌‌ 
    ‌float‌ ‌exp2f‌ ‌=‌ ‌fma(fma(fma(a,‌ ‌f,‌ ‌b),‌ ‌f,‌ ‌c),‌ ‌f,‌ ‌1.0f);‌‌ 
‌ 

    ‌return‌ ‌exp2i‌ ‌*‌ ‌exp2f;‌‌ 
}‌‌ 

Note‌‌I’m‌‌only‌‌using‌‌‌fma()‌‌here‌‌to‌‌illustrate‌‌the‌‌theoretical‌‌cost.‌‌The‌‌standard‌‌C++‌‌function‌‌may‌‌                               
incur‌ ‌call‌ ‌overhead‌ ‌and‌ ‌may‌ ‌actually‌ ‌be‌ ‌implemented‌ ‌using‌ ‌double-precision‌ ‌operations.‌ ‌ 

Looking‌‌at‌‌the‌‌line‌‌to‌‌compute‌‌‌exp2i‌,‌‌there’s‌‌an‌‌addition‌‌and‌‌a‌‌shift‌‌operation.‌‌A‌‌shift‌‌left‌‌is‌‌just‌‌                                     
a‌ ‌multiplication‌ ‌by‌ ‌a‌ ‌power‌ ‌of‌ ‌2.‌ ‌So‌ ‌let’s‌ ‌replace‌ ‌these‌ ‌two‌ ‌instructions‌ ‌with‌ ‌a‌ ‌single‌ ‌FMA‌‌                                 
operation:‌ ‌ 

float‌ ‌exp2i‌ ‌=‌ ‌bit_cast<float>((int)fma(x0,‌ ‌1‌ ‌<<‌ ‌23,‌ ‌127‌ ‌<<‌ ‌23));‌‌ 

Note‌‌how‌‌this‌‌takes‌‌a‌‌float‌‌as‌‌input‌‌and‌‌returns‌‌a‌‌float,‌‌but‌‌the‌‌input‌‌is‌‌expected‌‌to‌‌be‌‌a‌‌value‌‌                                         
without‌‌a‌‌fractional‌‌part.‌‌What‌‌would‌‌happen‌‌if‌‌it‌‌did‌‌have‌‌a‌‌fractional‌‌part?‌‌The‌‌fraction‌‌would‌‌                                 
get‌‌multiplied‌‌by‌ ,‌‌resulting‌‌in‌‌a‌‌value‌‌always‌‌smaller‌‌than‌‌ ,‌‌then‌‌it‌‌gets‌‌converted‌‌to‌‌an‌‌      223                 223              
integer,‌ ‌and‌ ‌ends‌ ‌up‌ ‌in‌ ‌the‌ ‌mantissa‌ ‌field‌ ‌of‌ ‌the‌ ‌result‌ ‌(while‌‌the‌‌integer‌‌part‌‌of‌‌the‌‌input‌‌still‌‌                                     
ends‌‌up‌‌in‌‌the‌‌exponent‌‌field,‌‌with‌‌the‌‌bias‌‌added).‌‌This‌‌gets‌‌interpreted‌‌as‌‌ ,‌‌meaning‌‌                            1 )  2i · ( + f    
the‌‌fractional‌‌part‌‌causes‌‌linear‌‌interpolation‌‌between‌‌the‌‌powers‌‌of‌‌2.‌‌It’s‌‌an‌‌approximation‌‌of‌‌                             

 ‌all‌ ‌in‌ ‌itself!‌ ‌2x  

https://en.cppreference.com/w/cpp/numeric/math/fma


‌ ‌  

To‌ ‌compute‌ ‌ ‌instead,‌ ‌where‌ ‌ ‌equals‌‌our‌‌original‌‌ ,‌‌we‌‌see‌‌that‌‌ ‌     2i+xf = 2i · 2xf       i + xf         x         1 )( + f = 2xf  

and‌ ‌thus‌ ‌ ‌is‌ ‌the‌ ‌new‌ ‌fraction‌ ‌we‌ ‌should‌ ‌be‌ ‌using.‌ ‌This‌ ‌can‌ ‌be‌ ‌achieved‌ ‌either‌ ‌by‌‌     f = 2xf − 1                              
adding‌‌it‌‌to‌‌ ‌,‌‌or‌‌by‌‌adding‌‌ ‌to‌‌ .‌‌Note‌‌that‌‌in‌‌either‌‌of‌‌these‌‌cases,‌ ‌or‌‌ ‌can‌‌      loor(x)f          f − xf     x                 f      f − xf    
be‌ ‌efficiently‌ ‌computed‌ ‌as‌ ‌a‌ ‌polynomial.‌ ‌The‌ ‌choice‌ ‌appears‌ ‌arbitrary…‌ ‌ 

float‌ ‌exp2_relaxed(float‌ ‌x)‌‌ 
{‌‌ 
    ‌x‌ ‌=‌ ‌min(x,‌ ‌128.0f);‌‌ 
    ‌x‌ ‌=‌ ‌max(x,‌ ‌bit_cast<float>(0xC2FDFFFF));‌  ‌//‌ ‌-126.999992‌‌ 
‌ 

    ‌float‌ ‌f‌ ‌=‌ ‌x‌ ‌-‌ ‌floor(x);‌‌ 
‌ 

    ‌//‌ ‌Polynomial‌ ‌which‌ ‌approximates‌ ‌(2^f-f-1)/f.‌‌ 
    ‌const‌ ‌float‌ ‌a‌ ‌=‌ ‌7.8145574e-2f;‌‌ 
    ‌const‌ ‌float‌ ‌b‌ ‌=‌ ‌2.2617357e-1f;‌‌ 
    ‌const‌ ‌float‌ ‌c‌ ‌=‌ ‌-3.0444314e-1f;‌‌ 
    ‌float‌ ‌r‌ ‌=‌ ‌fma(fma(a,‌ ‌f,‌ ‌b),‌ ‌f,‌ ‌c);‌‌ 
‌ 

    ‌//‌ ‌Final‌ ‌multiplication‌ ‌by‌ ‌f,‌ ‌then‌ ‌add‌ ‌to‌ ‌x.‌ 
    ‌float‌ ‌y‌ ‌=‌ ‌fma(r,‌ ‌f,‌ ‌x);‌‌ 
‌ 

    ‌return‌ ‌bit_cast<float>((int)fma(y,‌ ‌1‌ ‌<<‌ ‌23,‌ ‌127‌ ‌<<‌ ‌23));‌‌ 
}‌‌ 



This‌‌code‌‌not‌‌only‌‌eliminates‌‌the‌‌integer‌‌addition‌‌and‌‌shift,‌‌it‌‌also‌‌avoids‌‌an‌‌extra‌‌multiplication,‌‌                               
as‌ ‌well‌ ‌as‌ ‌loading‌ ‌the‌ ‌1.0f‌ ‌constant.‌ ‌The‌ ‌accuracy‌ ‌is‌ ‌still‌ ‌the‌ ‌same‌ ‌as‌ ‌the‌ ‌one‌ ‌above.‌ ‌ 

Gaining‌ ‌Significance‌ 
Wait‌ ‌a‌ ‌sec…‌ ‌the‌ ‌same‌ ‌optimization‌ ‌could‌ ‌also‌ ‌be‌ ‌applied‌ ‌to‌ ‌the‌ ‌high‌ ‌accuracy‌ ‌version,‌ ‌right?‌ ‌ 

Not‌ ‌really.‌ ‌I've‌ ‌previously‌ ‌mentioned‌ ‌FMA‌ ‌operations‌ ‌only‌ ‌in‌ ‌the‌ ‌context‌ ‌of‌ ‌improving‌‌                         
performance.‌‌If‌‌I‌‌replace‌‌the‌‌‌fma()‌‌calls‌‌in‌‌the‌‌‌exp2_relaxed()‌‌with‌‌multiplies‌‌and‌‌additions,‌‌                           
the‌ ‌achieved‌ ‌accuracy‌ ‌remains‌ ‌the‌ ‌same.‌ ‌But‌ ‌when‌ ‌we‌ ‌use‌ ‌the‌ ‌same‌ ‌algorithm‌ ‌for‌ ‌the‌ ‌high‌‌                               
accuracy‌‌version‌‌(i.e.‌‌using‌‌the‌‌higher‌‌degree‌‌polynomial),‌‌the‌‌ULP-32‌‌error‌‌increases‌‌to‌‌33.4,‌‌                           
failing‌ ‌to‌ ‌meet‌ ‌Vulkan’s‌ ‌requirement.‌ ‌This‌ ‌result‌ ‌is‌ ‌obtained‌ ‌with‌ ‌both‌‌separate‌‌multiplies‌‌and‌‌                           
additions,‌ ‌and‌ ‌with‌ ‌32-bit‌ ‌FMA‌ ‌operations,‌ ‌like‌ ‌the‌ ‌one‌ ‌below‌ ‌for‌ ‌x86‌ ‌CPUs‌ ‌supporting‌ ‌‌FMA3‌.‌ ‌ 

#include‌ ‌<immintrin.h>‌‌ 
‌ 

float‌ ‌fma32(float‌ ‌x,‌ ‌float‌ ‌y,‌ ‌float‌ ‌z)‌‌ 
{‌‌ 
    ‌return‌ ‌bit_cast<float>(_mm_extract_ps(_mm_fmadd_ss(‌‌ 
        ‌_mm_set1_ps(x),‌ ‌_mm_set1_ps(y),‌ ‌_mm_set1_ps(z)),‌ ‌0));‌‌ 
}‌‌ 

Using‌ ‌a‌ ‌higher‌ ‌degree‌ ‌polynomial‌ ‌doesn’t‌ ‌help‌ ‌either.‌ ‌It’s‌ ‌only‌ ‌when‌ ‌the‌ ‌last‌ ‌FMA‌ ‌operation‌ ‌—‌‌ 
the‌ ‌one‌ ‌where‌ ‌we‌ ‌multiply‌ ‌by‌ ‌‌1‌ ‌<<‌ ‌23‌‌ ‌for‌ ‌the‌ ‌mantissa‌ ‌shift‌ ‌and‌ ‌add‌ ‌‌127‌ ‌<<‌ ‌23‌‌ ‌for‌ ‌the‌‌ 
exponent‌ ‌bias‌ ‌—‌ ‌is‌ ‌replaced‌ ‌using‌ ‌integer‌ ‌addition,‌ ‌that‌ ‌we‌ ‌get‌ ‌a‌ ‌Vulkan‌ ‌conformant‌‌ 
implementation:‌ ‌ 

//‌ ‌lolremez‌ ‌--float‌ ‌-d‌ ‌4‌ ‌-r‌ ‌"0:1"‌ ‌"(2^x-x-1)/x"‌ ‌"1/x"‌‌ 
float‌ ‌P(float‌ ‌x)‌‌ 
{‌‌ 
    ‌float‌ ‌u‌ ‌=‌ ‌1.8852974e-3f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌8.9733787e-3f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌5.5835927e-2f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌2.4015281e-1f;‌‌ 
    ‌return‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌-3.0684753e-1f;‌‌ 
}‌‌ 
‌ 

float‌ ‌exp2(float‌ ‌x)‌‌ 
{‌‌ 
    ‌x‌ ‌=‌ ‌min(x,‌ ‌128.0f);‌‌ 
    ‌x‌ ‌=‌ ‌max(x,‌ ‌bit_cast<float>(0xC2FDFFFF));‌  ‌//‌ ‌-126.999992‌‌ 
‌ 
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    ‌float‌ ‌f‌ ‌=‌ ‌x‌ ‌-‌ ‌floor(x);‌‌ 
    ‌float‌ ‌y‌ ‌=‌ ‌P(f)‌ ‌*‌ ‌f‌ ‌+‌ ‌x;‌‌ 
‌ 

    ‌return‌ ‌bit_cast<float>((int)(y‌ ‌*‌ ‌(1‌ ‌<<‌ ‌23))‌ ‌+‌ ‌(127‌ ‌<<‌ ‌23));‌‌ 
}‌‌ 

This‌ ‌achieves‌ ‌an‌ ‌excellent‌ ‌accuracy‌ ‌of‌ ‌2.15‌ ‌ULP‌ ‌(2.06‌ ‌when‌ ‌using‌ ‌‌fma32()‌).‌ ‌The‌ ‌reason‌‌                           
behind‌ ‌this‌ ‌gain‌ ‌—the‌ ‌last‌ ‌fully‌ ‌conformant‌ ‌result‌ ‌was‌ ‌2.66‌ ‌ULP—‌ ‌is‌ ‌that‌ ‌instead‌ ‌of‌ ‌doing‌ ‌a‌‌                                 
multiplication‌ ‌by‌ ‌a‌ ‌polynomial‌‌approximation‌‌for‌‌a‌‌function‌‌which‌‌ranges‌‌between‌‌1.0‌‌and‌‌2.0,‌‌                           
we’re‌ ‌‌adding‌ ‌an‌ ‌approximation‌ ‌for‌ ‌a‌ ‌function‌ ‌which‌ ‌ranges‌ ‌between‌ ‌0.0‌ ‌and‌ ‌-0.0861.‌ ‌The‌‌                           
former‌ ‌is‌‌inevitably‌‌only‌‌accurate‌‌to‌‌ ‌since‌‌only‌‌the‌‌mantissa‌‌value‌‌changes‌‌in‌‌this‌‌range,‌‌             2−23                    
and‌ ‌this‌ ‌results‌ ‌in‌ ‌a‌ ‌0.5‌ ‌ULP‌ ‌rounding‌ ‌error.‌ ‌ 

Note‌‌that‌‌it‌‌also‌‌matters‌‌a‌‌lot‌‌now‌‌that‌‌we’re‌‌computing‌‌ ‌and‌‌adding‌‌it‌‌to‌‌ ‌,‌‌instead‌‌of‌‌                       2f − f − 1           x      
computing‌ ‌  ‌and‌ ‌adding‌ ‌it‌ ‌to‌ ‌ .‌ ‌ 2f − 1 loor(x)f  

In‌ ‌terms‌ ‌of‌ ‌performance,‌ ‌we’ve‌ ‌only‌ ‌really‌ ‌eliminated‌ ‌a‌ ‌shift‌ ‌operation‌‌and‌‌loading‌‌one‌‌fewer‌‌                             
constants.‌‌Note‌‌that‌‌the‌‌multiplication‌‌by‌‌‌1‌‌<<‌‌23‌‌is‌‌still‌‌done‌‌in‌‌floating-point‌‌because‌‌32-bit‌‌                               
integer‌ ‌SIMD‌ ‌multiplication‌ ‌may‌ ‌get‌ ‌split‌ ‌into‌ ‌multiple‌ ‌µops.‌ ‌ 

Logarithm‌ ‌=‌ ‌Exponential‌-1‌ ‌ 

For‌ ‌computing‌ ‌ ,‌ ‌let’s‌ ‌first‌ ‌take‌ ‌a‌ ‌look‌ ‌at‌ ‌Vulkan’s‌ ‌precision‌ ‌requirements:‌ ‌“3‌ ‌ULP‌ ‌outside‌‌og (x)l 2  
the‌ ‌range‌ ‌[0.5,2.0].‌ ‌Absolute‌ ‌error‌ ‌<‌ ‌2‌-21‌‌  ‌inside‌ ‌the‌ ‌range‌ ‌[0.5,2.0].”‌ ‌Plotting‌ ‌this‌ ‌gives‌ ‌the‌‌ 
following‌ ‌result:‌ ‌ 

‌ 

The‌ ‌blue‌ ‌segments‌ ‌are‌ ‌the‌ ‌ULP‌ ‌error,‌ ‌while‌ ‌the‌ ‌red‌ ‌segments‌ ‌are‌ ‌the‌ ‌absolute‌ ‌error.‌ ‌Note‌ ‌that‌‌ 
the‌ ‌ULP‌ ‌error‌ ‌tolerance‌ ‌approaches‌ ‌zero‌ ‌near‌ ‌ ,‌ ‌but‌ ‌it’s‌ ‌overridden‌ ‌by‌ ‌the‌ ‌larger‌ ‌absolute‌‌x = 1  
error‌ ‌tolerance.‌ ‌And‌ ‌specifically‌ ‌in‌ ‌the‌ ‌interval‌ ‌  ‌the‌ ‌tolerance‌ ‌is‌ ‌3‌ ‌ULP,‌ ‌which‌ ‌translates‌ ‌to‌‌2, )[ 4  
an‌ ‌absolute‌ ‌error‌ ‌of‌ ‌ .‌ ‌ 3 · 223  



‌is‌ ‌the‌ ‌inverse‌ ‌of‌ ‌ ,‌ ‌meaning‌ ‌that‌ ‌ .‌ ‌This‌ ‌also‌ ‌shows‌ ‌in‌ ‌their‌‌og (x)l 2           xp (x)e 2       og (exp (x))l 2 2 = x            
fundamental‌ ‌identity‌ ‌for‌ ‌range‌ ‌reduction;‌ ‌above‌ ‌we‌ ‌relied‌ ‌on‌ ‌ ,‌‌                  xp (x ) xp (x ) xp (x )  e 2 1 + x2 = e 2 1 · e 2 2  
while‌ ‌with‌ ‌logarithms‌ ‌the‌ ‌roles‌ ‌of‌ ‌addition‌ ‌and‌ ‌multiplication‌ ‌are‌ ‌reversed;‌‌                     

.‌ ‌og (x ) og (x ) og (x )  l 2 1 · x2 = l 2 1 + l 2 2  

An‌ ‌efficient‌ ‌implementation‌ ‌can‌ ‌be‌ ‌based‌ ‌on‌ ‌ ‌which‌‌              og (2 1 )) og (2 ) og (1 )  l 2
e · ( + m = l 2

e + l 2 + m    
simplifies‌ ‌to‌‌ ,‌‌where‌‌ ‌is‌‌the‌‌(unbiased)‌‌exponent‌‌and‌‌ ‌is‌‌the‌‌mantissa‌‌of‌‌the‌‌    og (1 )e + l 2 + m     e             m            
input‌‌argument.‌‌Note‌‌again‌‌the‌‌similarity‌‌with‌‌ :‌‌instead‌‌of‌‌inserting‌‌the‌‌exponent‌‌into‌‌the‌‌              xp (x)e 2                
result,‌ ‌for‌ ‌  ‌we‌ ‌extract‌ ‌the‌ ‌exponent‌ ‌from‌ ‌the‌ ‌input.‌ ‌og (x)l 2  

This‌‌“extracting”‌‌of‌‌the‌‌exponent‌‌can‌‌be‌‌done‌‌by‌‌interpreting‌‌the‌‌input‌‌argument‌‌as‌‌an‌‌integer,‌‌                               
subtracting‌ ‌‌127‌‌<<‌‌23‌,‌ ‌casting‌ ‌it‌ ‌to‌ ‌floating-point,‌ ‌and‌ ‌multiplying‌‌by‌‌‌1.0f‌‌/‌‌(2‌‌<<‌‌23)‌.‌‌                               
Sound‌ ‌familiar?‌ ‌It’s‌ ‌exactly‌ ‌the‌ ‌inverse‌ ‌steps‌ ‌of‌ ‌the‌ ‌last‌ ‌line‌ ‌of‌ ‌the‌ ‌‌exp2()‌‌implementation‌‌                             
above.‌‌And‌‌unless‌‌we‌‌call‌‌‌floor()‌‌on‌‌this‌‌result‌‌to‌‌retain‌‌just‌‌the‌‌exponent‌‌value,‌‌we‌‌have‌‌a‌‌                                   
piecewise‌ ‌linear‌ ‌approximation‌ ‌of‌ ‌  ‌that‌ ‌is‌ ‌exact‌ ‌at‌ ‌powers‌ ‌of‌ ‌2:‌ ‌og (x)l 2  

‌ 

The‌‌next‌‌step‌‌is‌‌inverting‌‌‌y‌‌=‌‌P(f)‌‌*‌‌f‌‌+‌‌x.‌‌Note‌‌that‌‌‌f‌‌is‌‌the‌‌fraction‌‌of‌‌‌x‌,‌‌and‌‌for‌‌‌x‌‌in‌‌the‌‌                                                 
interval‌ ‌ ‌we‌ ‌can‌ ‌also‌ ‌write‌ ‌‌y‌‌=‌‌P(x)‌‌*‌‌x‌‌+‌‌x‌.‌ ‌This‌ ‌formula‌ ‌is‌ ‌now‌ ‌an‌ ‌ordinary‌ ‌5th‌‌  0, )[ 1                                      
degree‌ ‌polynomial.‌ ‌Unfortunately,‌ ‌solving‌ ‌that‌ ‌for‌ ‌‌x‌‌is‌ ‌the‌ ‌equivalent‌ ‌of‌ ‌finding‌‌the‌‌roots,‌‌and‌‌                             
this‌ ‌is‌ ‌‌not‌ ‌generally‌ ‌solvable‌,‌ ‌let‌ ‌alone‌ ‌produce‌ ‌a‌ ‌reasonably‌ ‌low-degree‌ ‌polynomial.‌ ‌ 

Let’s‌ ‌take‌ ‌a‌ ‌step‌ ‌back‌ ‌here.‌ ‌‌P(f)‌ ‌*‌ ‌f‌‌was‌ ‌an‌ ‌approximation‌ ‌of‌ ‌ ,‌ ‌so‌ ‌the‌ ‌exact‌‌                           2f − f − 1        
formula‌‌is‌‌ .‌‌Solving‌‌that‌‌for‌‌ ‌we‌‌get‌‌ .‌‌Remember,‌‌this‌‌is‌‌only‌‌correct‌‌    xp (x)  y = e 2 − 1         x       og (y)l 2 + 1            
for‌ ‌the‌ ‌‌output‌ ‌ ‌in‌ ‌the‌ ‌range‌ ‌ ,‌ ‌which‌ ‌corresponds‌ ‌to‌ ‌the‌ ‌‌input‌ ‌ ‌in‌ ‌the‌ ‌interval‌ ‌ .‌‌      x         0, )[ 1             y         1, )[ 2  
Recall‌‌that‌‌ ‌is‌‌the‌‌result‌‌of‌‌the‌‌piecewise‌‌linear‌‌approximation,‌‌so‌‌our‌‌actual‌‌input‌‌interval‌‌for‌‌    y                              
which‌‌this‌‌algorithm‌‌is‌‌correct‌‌is‌‌ .‌‌To‌‌be‌‌exact‌‌at‌‌powers‌‌of‌‌2,‌‌namely‌‌ ‌and‌‌thus‌‌            2, )[ 4                   x = 2       y = 1
,‌ ‌we’re‌ ‌looking‌ ‌for‌ ‌an‌ ‌approximation‌ ‌of‌ ‌the‌ ‌form‌ ‌ .‌ ‌In‌ ‌other‌ ‌words‌‌                  (y) y )  P · ( − 1 + 1        

.‌ ‌(y) og (y)   (y )  P ≈ l 2 / − 1  

Entering‌ ‌this‌ ‌into‌ ‌‌LolRemez‌,‌ ‌for‌ ‌various‌ ‌polynomial‌ ‌degrees‌ ‌‌D‌,‌ ‌we‌ ‌get‌ ‌the‌ ‌following‌ ‌results:‌ ‌ 

https://en.wikipedia.org/wiki/Quintic_function#Finding_roots_of_a_quintic_equation


$‌ ‌./lolremez‌ ‌--float‌ ‌-d‌ ‌‌D‌‌ ‌-r‌ ‌"2:4"‌ ‌"log2(x)/(x-1)"‌ ‌"1/(x-1)"‌‌ 

Yikes!‌‌For‌‌ ‌a‌‌polynomial‌‌of‌‌4th‌‌degree‌‌sufficed‌‌(5‌‌when‌‌including‌‌the‌‌final‌‌multiplication)‌‌    xp (x)e 2                          
to‌ ‌get‌ ‌below‌ ‌3‌ ‌ULP-32,‌ ‌but‌ ‌for‌ ‌ ‌we‌ ‌never‌ ‌get‌ ‌to‌ ‌single-digit‌‌ULP‌‌errors,‌‌not‌‌even‌‌with‌‌              og (x)l 2                      
FMA‌ ‌operations.‌ ‌Fortunately‌ ‌things‌ ‌look‌ ‌fine‌ ‌for‌ ‌relaxed‌ ‌precision,‌ ‌as‌ ‌an‌ ‌ULP-16‌ ‌below‌ ‌1‌ ‌is‌‌                             
achieved‌ ‌with‌ ‌‌D‌=2,‌ ‌just‌ ‌like‌ ‌for‌ ‌ .‌ ‌xp (x)e 2  

Second‌ ‌Try‌ ‌ 
Part‌‌of‌‌the‌‌problem‌‌for‌‌the‌‌high-precision‌‌version‌‌is‌‌that‌‌logarithmic‌‌functions‌‌are‌‌fundamentally‌‌                           
not‌‌that‌‌easy‌‌to‌‌approximate‌‌with‌‌ordinary‌‌polynomials.‌‌In‌‌fact‌‌a‌‌‌Taylor‌‌series‌‌centered‌‌at‌‌ ‌                              x = 1  
never‌‌converges‌‌past‌‌ .‌‌It’s‌‌not‌‌hard‌‌to‌‌see‌‌that‌‌ ‌more‌‌closely‌‌resembles‌‌the‌‌square‌‌      x = 2               og (x)l 2            
root‌‌(‌ )‌‌or‌‌reciprocal‌‌function‌‌(‌ ),‌‌so‌‌a‌‌polynomial‌‌with‌‌increasing‌‌integer‌‌powers‌‌isn't‌‌great‌‌  x0.5          x−1                    
at‌‌approximating‌‌it,‌‌even‌‌in‌‌a‌‌limited‌‌interval.‌‌A‌‌second‌‌important‌‌observation‌‌is‌‌that‌‌the‌‌signs‌‌of‌‌                                 
the‌ ‌coefficients‌ ‌of‌ ‌the‌ ‌polynomial‌ ‌approximation‌ ‌alternate,‌ ‌which‌ ‌creates‌ ‌subtractions‌ ‌which‌‌                     
cause‌ ‌large‌ ‌losses‌ ‌of‌ ‌significance.‌ ‌For‌ ‌example‌ ‌for‌ ‌degree‌ ‌5:‌ ‌ 

$‌ ‌./lolremez‌ ‌--float‌ ‌-d‌ ‌5‌ ‌-r‌ ‌"1:2"‌ ‌"log2(x)/(x-1)"‌ ‌"1/(x-1)"‌‌ 
//‌ ‌Approximation‌ ‌of‌ ‌f(x)‌ ‌=‌ ‌log2(x)/(x-1)‌‌ 
//‌ ‌with‌ ‌weight‌ ‌function‌ ‌g(x)‌ ‌=‌ ‌1/(x-1)‌‌ 
//‌ ‌on‌ ‌interval‌ ‌[‌ ‌1,‌ ‌2‌ ‌]‌‌ 
//‌ ‌with‌ ‌a‌ ‌polynomial‌ ‌of‌ ‌degree‌ ‌5.‌‌ 
//‌ ‌p(x)=((((-2.645745e-2*x+2.5573874e-1)*x-1.0379186)*x+‌‌ 
//‌        ‌2.3021687)*x-3.0995312)*x+3.048553‌‌ 
float‌ ‌f(float‌ ‌x)‌‌ 
{‌‌ 
    ‌float‌ ‌u‌ ‌=‌ ‌-2.645745e-2f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌2.5573874e-1f;‌‌ 

‌  ULP-32‌ ‌over‌ ‌[2,4)‌‌  with‌ ‌FMA‌‌  ULP-16‌‌ 

D‌=1‌‌  ‌  ‌  6.47766‌‌ 

D‌=2‌‌  ‌  ‌  0.78980‌‌ 

D‌=3‌‌  862.56‌‌  ‌  0.10535‌‌ 

D‌=4‌‌  124.86‌‌  ‌  0.015259‌‌ 

D‌=5‌‌  25.176‌‌  22.872‌‌  0.0030518‌‌ 

D‌=6‌‌  26.249‌‌  21.116‌‌  0.0031738‌‌ 

D‌=7‌‌  54.680‌‌  40.117‌‌  ‌ 

https://en.wikipedia.org/wiki/Taylor_series#Natural_logarithm
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    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌-1.0379186f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌2.3021687f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌-3.0995312f;‌‌ 
    ‌return‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌3.048553f;‌‌ 
}‌‌ 

This‌ ‌function‌ ‌ranges‌ ‌between‌ ‌1.436‌ ‌and‌ ‌1.0,‌ ‌meaning‌ ‌that‌ ‌only‌ ‌22‌ ‌of‌ ‌the‌ ‌mantissa‌ ‌bits‌ ‌play‌ ‌a‌‌ 
role,‌ ‌out‌ ‌of‌ ‌the‌ ‌entire‌ ‌32-bit‌ ‌format.‌ ‌Meanwhile‌ ‌for‌ ‌the‌ ‌computation‌ ‌of‌ ‌  ‌we‌ ‌used‌ ‌a‌‌xp (x)e 2  
“correction”‌ ‌term‌ ‌which‌ ‌ranges‌ ‌between‌ ‌0.0‌ ‌and‌ ‌0.086,‌ ‌which‌ ‌uses‌ ‌a‌ ‌much‌ ‌larger‌ ‌portion‌ ‌of‌ ‌the‌‌ 
binary32‌’s‌ ‌representable‌ ‌range.‌ ‌ 

Can‌ ‌we‌ ‌do‌ ‌something‌ ‌similar‌ ‌for‌ ‌ ?‌ ‌Here’s‌ ‌the‌ ‌difference‌ ‌between‌ ‌the‌ ‌linear‌‌og (x)l 2  
approximation‌ ‌and‌ ‌the‌ ‌actual‌ ‌logarithm:‌ ‌ 

‌ 

The‌ ‌black‌ ‌graph‌ ‌shows‌ ‌“hops”‌ ‌which‌ ‌are‌ ‌the‌ ‌same‌ ‌shape‌ ‌between‌ ‌each‌ ‌power‌ ‌of‌ ‌2.‌ ‌This‌‌                               
corresponds‌ ‌with‌ ‌the‌ ‌normalized‌ ‌mantissa‌ ‌varying‌ ‌between‌ ‌0.0‌‌and‌‌1.0.‌‌Moreover,‌‌this‌‌graph‌‌                         
only‌ ‌ranges‌ ‌between‌ ‌0.0‌ ‌and‌ ‌0.086,‌ ‌just‌ ‌like‌ ‌ ’s‌ ‌correction‌ ‌term.‌ ‌xp (x)e 2  

It‌ ‌corresponds‌ ‌to‌ ‌ ,‌ ‌where‌ ‌ ‌is‌ ‌the‌ ‌mantissa.‌ ‌Once‌ ‌again‌ ‌to‌ ‌get‌ ‌exactness‌ ‌at‌‌      og (m )  l 2 + 1 − m     m                    
powers‌ ‌of‌ ‌2,‌ ‌we‌ ‌separate‌ ‌out‌ ‌a‌ ‌final‌ ‌multiplication‌ ‌and‌ ‌adjust‌ ‌the‌ ‌weight‌ ‌accordingly,‌‌and‌‌we‌‌                               
get:‌ ‌ 

//‌ ‌lolremez‌ ‌--float‌ ‌-d‌ ‌6‌ ‌-r‌ ‌"0:1"‌ ‌"(log2(x+1)-x)/x"‌ ‌"1/x"‌‌ 
float‌ ‌P(float‌ ‌x)‌‌ 
{‌‌ 

float‌ ‌u‌ ‌=‌ ‌1.5529917e-2f;‌‌ 
u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌-7.9557731e-2f;‌‌ 
u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌1.9429432e-1f;‌‌ 
u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌-3.2590197e-1f;‌‌ 



u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌4.7355341e-1f;‌‌ 
u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌-7.2058547e-1f;‌‌ 
return‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌4.4266783e-1f;‌‌ 

}‌‌ 
‌ 

float‌ ‌log2(float‌ ‌x)‌‌ 
{‌‌ 
    ‌int‌ ‌im‌ ‌=‌ ‌bit_cast<int>(x);‌‌ 
    ‌float‌ ‌y‌ ‌=‌ ‌(float)(im‌ ‌-‌ ‌(127‌ ‌<<‌ ‌23))‌ ‌*‌ ‌(1.0f‌ ‌/‌ ‌(1‌ ‌<<‌ ‌23));‌‌ 
‌ 

    ‌float‌ ‌m‌ ‌=‌ ‌(float)(im‌ ‌&‌ ‌0x007FFFFF)‌ ‌*‌ ‌(1.0f‌ ‌/‌ ‌(1‌ ‌<<‌ ‌23));‌‌ 
‌ 

    ‌return‌ ‌P(m)‌ ‌*‌ ‌m‌ ‌+‌ ‌y;‌‌ 
}‌‌ 

This‌‌gives‌‌us‌‌an‌‌effective‌‌ULP‌‌error‌‌of‌‌3.71‌‌in‌‌the‌‌ ‌interval.‌‌Much‌‌better!‌‌But‌‌still‌‌not‌‌below‌‌                      2, )[ 4                
3,‌‌despite‌‌already‌‌using‌‌a‌‌2‌‌degrees‌‌higher‌‌polynomial‌‌than‌‌ .‌‌Let’s‌‌‌plot‌‌the‌‌error‌‌to‌‌see‌‌                    xp (x)e 2              
what’s‌ ‌going‌ ‌on:‌ ‌ 

‌ 

That’s‌ ‌odd…‌ ‌the‌ ‌(blue)‌ ‌error‌ ‌graph‌ ‌stays‌ ‌within‌ ‌the‌ ‌tolerance‌ ‌bounds‌ ‌at‌ ‌all‌ ‌times.‌ ‌It’s‌ ‌a‌ ‌tiny‌‌                                 
margin‌ ‌though.‌ ‌We‌ ‌still‌ ‌suffer‌ ‌loss‌‌of‌‌significance‌‌due‌‌to‌‌coefficients‌‌with‌‌alternating‌‌signs.‌‌All‌‌                             
we’ve‌ ‌done‌‌is‌‌make‌‌the‌‌error‌‌smaller‌‌by‌‌making‌‌the‌‌term‌‌itself‌‌smaller,‌‌by‌‌adding‌‌it‌‌to‌‌a‌‌linear‌‌                                     
approximation‌ ‌which‌ ‌itself‌ ‌incurs‌ ‌no‌ ‌precision‌ ‌loss.‌ ‌Even‌‌under‌‌ideal‌‌circumstances,‌‌rounding‌‌                       
operations‌‌introduce‌‌errors‌‌of‌‌0.5‌‌ULP.‌‌The‌‌above‌‌graph‌‌slightly‌‌exceeds‌‌2.5‌‌ULP-32‌‌even‌‌with‌‌                             
Desmos’‌ ‌‌very‌ ‌high‌ ‌precision‌ ‌arithmetic‌,‌ ‌meaning‌ ‌we‌ ‌can’t‌ ‌achieve‌‌less‌‌than‌‌3‌‌ULP‌‌using‌‌this‌‌                             
polynomial.‌‌FMA‌‌operations,‌‌weight‌‌adjustments,‌‌and‌‌symmetrical‌‌evaluation‌‌all‌‌help‌‌a‌‌bit,‌‌but‌                         
can’t‌ ‌give‌ ‌us‌ ‌an‌ ‌implementation‌ ‌which‌ ‌satisfies‌ ‌Vulkan’s‌ ‌requirements.‌ ‌Bummer.‌ ‌ 

Fortunately‌ ‌this‌ ‌algorithm‌ ‌behaves‌ ‌well‌‌when‌‌increasing‌‌the‌‌degree‌‌of‌‌the‌‌polynomial,‌‌and‌‌for‌‌                           
D‌=7‌ ‌we‌ ‌get:‌ ‌ 

https://www.desmos.com/calculator/tdqdodlufj
https://engineering.desmos.com/articles/intuitive-calculator-arithmetic/


//‌ ‌lolremez‌ ‌--float‌ ‌-d‌ ‌7‌ ‌-r‌ ‌"0:1"‌ ‌"(log2(x+1)-x)/x"‌ ‌"1/x"‌‌ 
float‌ ‌P(float‌ ‌x)‌‌ 
{‌‌ 
    ‌float‌ ‌u‌ ‌=‌ ‌-9.3091638e-3f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌5.2059003e-2f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌-1.3752135e-1f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌2.4186478e-1f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌-3.4730109e-1f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌4.786837e-1f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌-7.2116581e-1f;‌‌ 
    ‌return‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌4.4268988e-1f;‌‌ 
}‌‌ 
‌ 

float‌ ‌log2(float‌ ‌x)‌‌ 
{‌‌ 
    ‌int‌ ‌im‌ ‌=‌ ‌bit_cast<int>(x);‌‌ 
    ‌float‌ ‌y‌ ‌=‌ ‌(float)(im‌ ‌-‌ ‌(127‌ ‌<<‌ ‌23))‌ ‌*‌ ‌(1.0f‌ ‌/‌ ‌(1‌ ‌<<‌ ‌23));‌‌ 
‌ 

    ‌float‌ ‌m‌ ‌=‌ ‌(float)(im‌ ‌&‌ ‌0x007FFFFF)‌ ‌*‌ ‌(1.0f‌ ‌/‌ ‌(1‌ ‌<<‌ ‌23));‌‌ 
‌ 

    ‌return‌ ‌P(m)‌ ‌*‌ ‌m‌ ‌+‌ ‌y;‌‌ 
}‌‌ 

This‌ ‌achieves‌ ‌1.70‌ ‌ULP.‌ ‌Success!‌ ‌Weight‌ ‌tuning‌ ‌and‌ ‌FMA‌ ‌operations‌ ‌can‌ ‌lower‌ ‌it‌ ‌a‌ ‌bit‌ ‌further.‌ ‌ 

The‌ ‌Vanishingly‌ ‌Small‌ ‌and‌ ‌Unfathomably‌ ‌Large‌ ‌ 
Note‌‌that‌‌when‌‌we‌‌extract‌‌the‌‌mantissa‌‌‌m‌,‌‌we‌‌immediately‌‌divide‌‌it‌‌by‌‌ ‌to‌‌normalize‌‌it‌‌to‌‌the‌‌                          223            

‌range.‌ ‌While‌ ‌this‌ ‌can‌‌be‌‌done‌‌cheaply‌‌by‌‌multiplying‌‌by‌‌the‌‌reciprocal,‌‌and‌‌this‌‌doesn’t‌‌0, )[ 1                                
lose‌ ‌any‌ ‌precision,‌ ‌we‌ ‌might‌ ‌consider‌ ‌getting‌ ‌rid‌ ‌of‌ ‌it‌ ‌by‌ ‌“absorbing”‌ ‌it‌ ‌into‌ ‌‌P(x)‌.‌ ‌ 

Unfortunately‌‌for‌‌the‌‌high‌‌precision‌‌log2()‌‌this‌‌produces‌‌a‌‌polynomial‌‌with‌‌coefficients‌‌so‌‌small‌‌                           
they‌‌round‌‌to‌‌zero‌‌(it‌‌turns‌‌out‌‌‌LolRemez‌‌‌will‌‌happily‌‌print‌‌numbers‌‌that‌‌can’t‌‌be‌‌represented‌‌in‌‌                                 
binary32‌,‌ ‌even‌ ‌when‌ ‌using‌ ‌the‌ ‌‌--float‌‌argument).‌ ‌It’s‌ ‌fine‌ ‌for‌ ‌a‌ ‌relaxed‌ ‌precision‌ ‌version‌‌                           
though:‌ ‌ 

    ‌//‌ ‌lolremez‌ ‌--float‌ ‌-d‌ ‌2‌ ‌-r‌ ‌"0:2^23"‌ ‌"(log2(x/2^23+1)-x/2^23)/x"‌ ‌"1/x"‌‌ 
float‌ ‌f(float‌ ‌x)‌‌ 
{‌‌ 
    ‌float‌ ‌u‌ ‌=‌ ‌2.8017103e-22f;‌‌ 
    ‌u‌ ‌=‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌-8.373131e-15f;‌‌ 



    ‌return‌ ‌u‌ ‌*‌ ‌x‌ ‌+‌ ‌5.0615534e-8f;‌‌ 
}‌‌ 
‌ 

float‌ ‌log2_relaxed(float‌ ‌x)‌‌ 
{‌‌ 
    ‌int‌ ‌im‌ ‌=‌ ‌bit_cast<int>(x);‌‌ 
    ‌float‌ ‌y‌ ‌=‌ ‌fma((float)im,‌ ‌(1.0f‌ ‌/‌ ‌(1‌ ‌<<‌ ‌23)),‌ ‌-127.0f);‌‌ 
‌ 

    ‌float‌ ‌m‌ ‌=‌ ‌(float)(im‌ ‌&‌ ‌0x007FFFFF);‌‌ 
‌ 

    ‌return‌ ‌fma(P(m),‌ ‌m,‌ ‌y);‌‌ 
}‌‌ 

Note‌ ‌that‌ ‌it‌ ‌also‌ ‌is‌ ‌able‌ ‌to‌ ‌use‌ ‌‌fma()‌‌ ‌for‌ ‌the‌ ‌piecewise‌ ‌linear‌ ‌approximation‌ ‌again.‌ ‌ 

One‌‌last‌‌thing‌‌we‌‌need‌‌to‌‌take‌‌care‌‌of‌‌is‌‌the‌‌handling‌‌of‌‌infinity.‌‌ ‌is‌‌obviously‌‌infinity,‌‌but‌‌                            og (∞)  l 2          
our‌ ‌current‌ ‌implementation‌ ‌returns‌ ‌128.0,‌ ‌the‌ ‌unbiased‌ ‌exponent‌ ‌of‌ ‌the‌ ‌representation‌ ‌of‌‌                       
infinity.‌ ‌We‌ ‌could‌ ‌check‌ ‌for‌ ‌128.0‌ ‌and‌ ‌replace‌ ‌it‌ ‌with‌ ‌infinity,‌ ‌but‌ ‌this‌ ‌is‌ ‌not‌ ‌actually‌ ‌correct‌‌                                 
because‌‌‌y‌‌becomes‌‌128.0‌‌before‌‌‌x‌‌becomes‌‌infinity,‌‌due‌‌to‌‌rounding.‌‌This‌‌also‌‌happens‌‌when‌‌                             
using‌ ‌the‌ ‌high-precision‌ ‌version‌ ‌which‌ ‌uses‌ ‌the‌ ‌integer‌ ‌subtraction,‌ ‌because‌ ‌integer‌ ‌values‌‌                       
greater‌‌than‌‌‌1‌‌<<‌‌23‌‌don’t‌‌fit‌‌in‌‌the‌‌mantissa‌‌(note‌‌that‌‌this‌‌loss‌‌of‌‌significance‌‌isn’t‌‌otherwise‌‌                                   
a‌ ‌problem‌ ‌due‌ ‌to‌ ‌3‌ ‌ULP‌ ‌being‌ ‌a‌‌larger‌‌absolute‌‌tolerance‌‌for‌‌larger‌‌ ).‌‌We‌‌can‌‌instead‌‌                          og (x)l 2        
deal‌ ‌with‌ ‌infinity‌ ‌like‌ ‌this:‌ ‌ 

float‌ ‌log2(float‌ ‌x)‌‌ 
{‌‌ 
    ‌int‌ ‌im‌ ‌=‌ ‌bit_cast<int>(x);‌‌ 
    ‌float‌ ‌y‌ ‌=‌ ‌(float)(im‌ ‌-‌ ‌(127‌ ‌<<‌ ‌23))‌ ‌*‌ ‌(1.0f‌ ‌/‌ ‌(1‌ ‌<<‌ ‌23));‌‌ 
    ‌if(im‌ ‌==‌ ‌0x7F800000)‌ ‌y‌ ‌=‌ ‌INFINITY;‌‌ 
‌ 

    ‌float‌ ‌m‌ ‌=‌ ‌(float)(im‌ ‌&‌ ‌0x007FFFFF)‌ ‌*‌ ‌(1.0f‌ ‌/‌ ‌(1‌ ‌<<‌ ‌23));‌‌ 
‌ 

    ‌return‌ ‌P(m)‌ ‌*‌ ‌m‌ ‌+‌ ‌y;‌‌ 
}‌‌ 

Results‌ ‌ 
All‌ ‌of‌ ‌the‌ ‌above‌ ‌code‌ ‌easily‌ ‌translates‌ ‌into‌ ‌SIMD-friendly‌ ‌implementations.‌ ‌Compared‌ ‌to‌‌                       
SwiftShader’s‌ ‌legacy‌ ‌implementation‌ ‌of‌ ‌‌exp2()‌,‌ ‌I’ve‌ ‌fixed‌ ‌overflow/underflow‌ ‌handling,‌ ‌and‌‌                   
I’ve‌ ‌improved‌ ‌its‌ ‌accuracy‌ ‌from‌ ‌3.37‌ ‌ULP‌ ‌(not‌ ‌conformant!)‌ ‌to‌ ‌2.62‌ ‌(2.30‌ ‌with‌ ‌FMA),‌ ‌while‌‌                             
reducing‌‌instruction‌‌count.‌‌Compared‌‌to‌‌the‌‌previously‌‌used‌‌reference‌‌implementation‌‌it‌‌is‌‌22×‌‌                         
faster.‌ ‌The‌ ‌relaxed‌ ‌precision‌ ‌implementation‌ ‌is‌ ‌an‌ ‌additional‌ ‌1.5×‌ ‌faster.‌ ‌ 



The‌‌new‌‌‌log2()‌‌implementation‌‌is‌‌1.5×‌‌faster‌‌than‌‌the‌‌legacy‌‌implementation,‌‌and‌‌28×‌‌faster‌‌                           
than‌ ‌the‌ ‌reference‌ ‌implementation.‌‌The‌‌relaxed‌‌precision‌‌implementation‌‌is‌‌an‌‌additional‌‌1.8×‌‌                       
faster.‌ ‌ 


